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ANDOˆ DILATIONS AND INEQUALITIES ON NONCOMMUTATIVE DOMAINS
GELU POPESCU
Abstract. We obtain intertwining dilation theorems for noncommutative regular domains Df and non-
commutative varieties VJ in B(H)
n, which generalize Sarason [18] and Sz.-Nagy–Foias¸ [20] commutant
lifting theorem for commuting contractions. We present several applications including a new proof for
the commutant lifting theorem for pure elements in the domain Df (resp. variety VJ) as well as a Schur
type representation for the unit ball of the Hardy algebra associated with the variety VJ .
We provide Andoˆ type dilations and inequalities for bi-domains Df ×c Df which consist of all pairs
(X,Y) of tuples X := (X1, . . . ,Xn1 ) ∈ Df and Y := (Y1, . . . , Yn2 ) ∈ Dg which commute, i.e. each entry
of X commutes with each entry of Y. The results are new even when n1 = n2 = 1. In this particular
case, we obtain extensions of Andoˆ’s results [2] and Agler-McCarthy’s inequality [1] for commuting
contractions to larger classes of commuting operators.
All the results are extended to bi-varieties VJ1 ×c VJ2 , where VJ1 and VJ2 are noncommutative vari-
eties generated by WOT-closed two-sided ideals in noncommutative Hardy algebras. The commutative
case as well as the matrix case when n1 = n2 = 1 are also discussed.
Introduction
Extending von Neumann [23] inequality for one contraction and Sz.-Nagy proof using dilation theory
[21], Andoˆ [2] proved a dilation result that implies his celebrated inequality which says that if T1 and T2
are commuting contractions on a Hilbert space, then for any polynomial p in two variables,
‖p(T1, T2)‖ ≤ ‖p‖D2 ,
where D2 is the bidisk in C2. For a nice survey and further generalizations of these inequalities we
refer to Pisier’s book [9] (see also [23], [21], [7], [22], [10], [8], [4], [5], [1], and [6]). Inspired by the
work of Agler-McCarthy [1] and Das-Sarkar [6] on distinguished varieties and Ando’s inequality for two
commuting contractions, we found, in a very recent paper [16], analogues of Andoˆ’s results for the
elements of the bi-ball Pn1,n2 which consists of all pairs (X,Y) of row contractions X := (X1, . . . , Xn1)
and Y := (Y1, . . . , Yn2) which commute, i.e. each entry of X commutes with each entry of Y. The results
were obtained in a more general setting, namely, when X and Y belong to noncommutative varieties V1
and V2 determined by row contractions subject to constraints such as
q(X1, . . . , Xn1) = 0 and r(Y1, . . . , Yn2) = 0, q ∈ P , r ∈ R,
respectively, where P and R are sets of noncommutative polynomials. This led to one of the main results
of the paper, an Andoˆ type inequality on noncommutative varieties, which, in the particular case when
n1 = n2 = 1 and T1 and T2 are commuting contractive matrices with spectrum in the open unit disk
D := {z ∈ C : |z| < 1}, takes the form
‖p(T1, T2)‖ ≤ min {‖p(B1 ⊗ ICd1 , ϕ1(B1))‖, ‖p(ϕ2(B2), B2 ⊗ ICd2 )‖} ,
where (B1 ⊗ ICd1 , ϕ1(B1)) and (ϕ2(B2), B2 ⊗ ICd2 ) are analytic dilations of (T1, T2) while B1 and B2 are
the universal models associated with T1 and T2, respectively. In this setting, the inequality is sharper
than Andoˆ’s inequality and Agler-McCarthy’s inequality [1]. We obtained more general inequalities for
arbitrary commuting contractive matrices and improve Andoˆ’s inequality for commuting contractions
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when at least one of them is of class C0. In this setting, it would be interesting to find good analogues
for distinguished varieties in the sense of [1].
Let F+n be the unital free semigroup on n generators g1, . . . , gn and the identity g0. The length of
α ∈ F+n is defined by |α| := 0 if α = g0 and |α| := k if α = gi1 · · · gik , where i1, . . . , ik ∈ {1, . . . , n}. If
Z := 〈Z1, . . . , Zn〉 is an n-tuple of noncommutative indeterminates, we use the notation Zα := Zi1 · · ·Zik
and Zg0 := 1. We denote by C 〈Z〉 the complex algebra of all polynomials in Z1, . . . , Zn. A polynomial
f :=
∑
α∈F+n aαZα in C 〈Z〉 is called positive regular if the coefficients satisfy the conditions: aα ≥ 0 for
any α ∈ F+n , ag0 = 0, and agi > 0 if i = 1, . . . , n. Define the noncommutative regular domain
Df (H) :=
X := (X1, . . . , Xn) ∈ B(H)n : ∑|α|≥1aαXαX∗α ≤ IH

and the noncommutative ellipsoid Ef (H) ⊇ Df (H) by setting
Ef (H) :=
X := (X1, . . . , Xn) ∈ B(H)n : ∑|β|=1aβXβX∗β ≤ IH
 ,
where B(H) stands for the algebra of all bounded linear operators on a Hilbert space H. Given n1, n2 ∈
N := {1, 2, . . .} and Ωj ⊆ B(H)nj , j = 1, 2, we denote by Ω1×cΩ2 the set of all pairs (X,Y) ∈ Ω1×Ω2 with
the property that the entries ofX := (X1, . . . , Xn1) are commuting with the entries ofY := (Y1, . . . , Yn2).
The main goal of the present paper is to extend the results from [16] for bi-balls and obtain Andoˆ type
dilations and inequalities for bi-domains and noncommutative varieties:
Df (H)×c Dg(H) and VJ1(H)×c VJ2(H),
where f ∈ C 〈Z〉 and g ∈ C 〈Z′〉 are positive regular noncommutative polynomials while VJ1 and VJ2 are
varieties generated by WOT-closed two-sided ideals in certain noncommutative Hardy algebras.
In Section 2, we obtain an intertwining dilation theorem for bi-domains which generalizes Sarason [18]
and Sz.-Nagy–Foias¸ [20] commutant lifting theorem for commuting contractions in the framework of non-
commutative regular domains and Poisson kernels on weighted Fock spaces (see [15]). As a consequence,
we obtain a new proof for the commutant lifting theorem for pure elements in Df .
These results are extended, in Section 3, to noncommutative varieties VJ ⊆ Df which are generated by
WOT-closed two-sided ideals J in the Hardy algebra F∞n (Df ), a noncommutative multivariable version
of the classical Hardy algebra H∞(D). More precisely, the noncommutative variety VJ(H) is defined as
the set of all pure n-tuples X := (X1, . . . , Xn) ∈ Df (H) with the property that
ϕ(X1, . . . , Xn) = 0 for any ϕ ∈ J,
where ϕ(X1, . . . , Xn) is defined using the F
∞
n (Df )-functional calculus for pure elements in Df (H) (see
[15]). Each variety VJ is associated with certain universal models B = (B1, . . . , Bn) andC = (C1, . . . , Cn)
of constrained creation operators acting on a subspaceNJ of the full Fock space with n generators F 2(Hn).
The noncommutative Hardy algebras F∞n (VJ ) and R∞n (VJ) are the WOT -closed algebras generated by
I, B1, . . . , Bn and I, C1, . . . , Cn, respectively. Using our intertwining dilation theorem on noncommutative
varieties, we obtain a Schur [19] type representation for the unit ball of R∞n (VJ )⊗¯B(H′,H).
In Section 4, we obtain Andoˆ type dilations and inequalities for noncommutative varieties
VJ1(H)×c VJ2(H),
where VJ1(H) ⊆ Df (H) and VJ2(H) ⊆ Dg(H). We prove that any pair (T1,T2) in VJ1(H)×c VJ2(H) has
analytic dilations
(B1 ⊗ Iℓ2 , ϕ1(C1)) and (ϕ2(C2),B2 ⊗ Iℓ2)
where ϕ1(C1) and ϕ2(C2) are some multi-analytic operators with respect to the universal models B1 and
B2 of the varieties VJ1 and VJ2 , respectively. As a consequence, we show that the inequality
‖[prs(T1,T2)]k‖ ≤ min {‖[prs(B1 ⊗ Iℓ2 , ϕ1(C1))]k‖, ‖[prs(ϕ2(C2),B2 ⊗ Iℓ2)]k‖}
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holds for any [prs]k ∈ Mk(C 〈Z,Z′〉) and k ∈ N. Here, C 〈Z,Z′〉 denotes the complex algebra of all
polynomials in noncommutative indeterminates Z := 〈Z1, . . . , Zn1〉 and Z′ :=
〈
Z ′1, . . . , Z
′
n2
〉
, where we
assume that ZiZ
′
j = Z
′
jZi for any i ∈ {1, . . . , n1} and j ∈ {1, . . . , n2}.
On the other hand, we prove that the abstract bi-domain
Df ×c Eg := {Df (H)×c Eg(H) : H is a Hilbert space}
has a universal analytic model (W1 ⊗ Iℓ2 , ψ(Λ1)), where the tuples W1 = (W1,1, . . . ,W1,n1) and Λ1 =
(Λ1,1, . . . ,Λ1,n1) are the weighted left and right creation operators on the full Fock space F
2(Hn1),
respectively, associated with the regular domain Df . More precisely, we show that the inequality
‖[prs(T1,T2)]k‖ ≤ ‖[prs(W1 ⊗ Iℓ2 , ψ(Λ1))]k‖, [prs]k ∈Mk(C 〈Z,Z′〉),
holds for any (T1,T2) ∈ Df (H)×c Eg(H) and any k ∈ N. A similar result holds for the abstract variety
VJ ×c Eg.
We will see, in Section 4, that all the results of the present paper concerning Andoˆ type dilations and
inequalities can be written in the commutative multivariable setting in terms of analytic multipliers of
certain Hilbert spaces of holomorphic functions. These results are new even when n1 = n2 = 1. In this
particular case, we obtain extensions of Andoˆ’s results for commuting contractions [2], Agler-McCarthy’s
inequality [1], and Das-Sarkar extension [6], to larger classes of commuting operators.
Finally, we would like to thank the referee for helpful comments and suggestions on the paper.
1. Preliminaries on noncommutative regular domains and universal models
In this section, we recall from [15] basic facts concerning the noncommutative regular domains Df (H) ⊂
B(H)n generated by positive regular formal power series, their universal models, and the Hardy algebras
they generate. We mention that commutative domains generated by positive regular polynomials were
first introduced in [17] and further elaborated in [3] and in a series of papers by the author (see [15] and
the references there in).
Let Hn be an n-dimensional complex Hilbert space with orthonormal basis e1, e2, . . . , en, where
n ∈ {1, 2, . . .}. We consider the full Fock space of Hn defined by
F 2(Hn) :=
⊕
k≥0
H⊗kn ,
where H⊗0n := C1 and H
⊗k
n is the (Hilbert) tensor product of k copies of Hn. Define the left creation
operators Si : F
2(Hn)→ F 2(Hn), i = 1, . . . , n, by
Siϕ := ei ⊗ ϕ, ϕ ∈ F 2(Hn),
and the right creation operators Ri : F
2(Hn) → F 2(Hn) by Riϕ := ϕ ⊗ ei, ϕ ∈ F 2(Hn). The noncom-
mutative analytic Toeplitz algebra F∞n and its norm closed version, the noncommutative disc algebra An,
were introduced by the author (see [10], [11], [12]) in connection with a multivariable noncommutative
von Neumann inequality. F∞n is the algebra of left multipliers of F 2(Hn) and can be identified with
the weakly closed (or w∗-closed) algebra generated by the left creation operators S1, . . . , Sn acting on
F 2(Hn), and the identity. The noncommutative disc algebra An is the norm closed algebra generated by
S1, . . . , Sn, and the identity.
A formal power series f :=
∑
α∈F+n aαZα in noncommutative indeterminates Z1, . . . , Zn is called posi-
tive regular if the coefficients satisfy the conditions: aα ≥ 0 for any α ∈ F+n , ag0 = 0, agi > 0 if i = 1, . . . , n,
and lim supk→∞
(∑
|α|=k |aα|2
)1/2k
< ∞. If X := (X1, . . . , Xn) ∈ B(H)n, we set Xα := Xi1 · · ·Xik if
α = gi1 · · · gik , where i1, . . . , ik ∈ {1, . . . , n}, and Xg0 := IH. Define the noncommutative regular domain
Df (H) :=
X := (X1, . . . , Xn) ∈ B(H)n : ∑|α|≥1aαXαX∗α ≤ IH
 ,
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where the convergence of the series is in the weak operator topology. The power series 1− f is invertible
with its inverse g =
∑
α∈F+n bαXα, bα ∈ C, satisfies the relation
g = 1 + f + f2 + · · · = 1 +
∞∑
m=1
∑
|α|=m
 |α|∑
j=1
∑
γ1···γj=α
|γ1|≥1,...,|γj |≥1
aγ1 · · · aγj
Xα.
Consequently, we have
(1.1) bg0 = 1 and bα =
|α|∑
j=1
∑
γ1···γj=α
|γ1|≥1,...,|γj |≥1
aγ1 · · · aγj if |α| ≥ 1.
The weighted left creation operatorsWi : F
2(Hn)→ F 2(Hn), i = 1, . . . , n, associated with the noncom-
mutative domain Df are defined by setting Wi := SiDi, where S1, . . . , Sn are the left creation operators
on the full Fock space F 2(Hn) and each diagonal operator Di : F
2(Hn)→ F 2(Hn), is given by
Dieα :=
√
bα
bgiα
eα, α ∈ F+n .
Note that
Wβeγ =
√
bγ√
bβγ
eβγ and W
∗
β eα =

√
bγ√
bα
eγ if α = βγ
0 otherwise
for any α, β ∈ F+n . We prove in [15] that W := (W1, . . . ,Wn) is a pure n-tuple in Df (F 2(Hn)),
i.e. Φf,W(I) ≤ I and Φkf,W(I) → 0 in the strong operator topology, as k → ∞, where Φf,W(Y ) :=∑
|α|≥1
aαWαYW
∗
α for Y ∈ B(F 2(Hn)) and the convergence is in the weak operator topology. The n-tuple
W plays the role of universal model for the noncommutative domain Df .
We also define the weighted right creation operators Λi : F
2(Hn) → F 2(Hn) by setting Λi := RiGi,
i = 1, . . . , n, where R1, . . . , Rn are the right creation operators on the full Fock space F
2(Hn) and each
diagonal operator Gi is defined by
Gieα :=
√
bα
bαgi
eα, α ∈ F+n ,
where the coefficients bα, α ∈ F+n , are given by relation (1.1). In this case, we have
Λβeγ =
√
bγ√
bγβ˜
eγβ˜ and Λ
∗
βeα =

√
bγ√
bα
eγ if α = γβ˜
0 otherwise
for any α, β ∈ F+n , where β˜ denotes the reverse of β = gi1 · · · gik , i.e. β˜ := gik · · · gi1 . We remark
that if f :=
∑
|α|≥1 aαZα is a positive regular power series, then so is f˜ :=
∑
|α|≥1 aα˜Zα. Moreover,
Λ := (Λ1, . . . ,Λn) ∈ Df˜ (F 2(Hn)) and Wi = U∗ΛiU , where U ∈ B(F 2(Hn)) is the unitary operator
defined by Ueα := eα˜, α ∈ F+n . Throughout this paper, we will refer to the n-tuples W := (W1, . . . ,Wn)
and Λ := (Λ1, . . . ,Λn) as the weighted creation operators associated with the regular domain Df .
In [15], we introduced the domain algebra An(Df ) associated with the noncommutative domain Df to
be the norm closure of all polynomials in the weighted left creation operatorsW1, . . . ,Wn and the identity.
Using the weighted right creation operators associated with Df , one can define the corresponding domain
algebra Rn(Df ). The Hardy algebra F∞n (Df ) (resp. R∞n (Df )) is the w∗- (or WOT-, SOT-) closure of
all polynomials in W1, . . . ,Wn (resp. Λ1, . . . ,Λn) and the identity. We proved that F
∞
n (Df )′ = R∞n (Df )
and R∞n (Df )′ = F∞n (Df ), where ′ stands for the commutant.
Now, we recall ([13], [15]) some basic facts concerning the noncommutative Poisson kernels associated
with the regular domains. Let T := (T1, . . . , Tn) be an n
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domain Df (H), i.e.
∑
|α|≥1
aαTαT
∗
α ≤ IH. Define the positive linear mapping
Φf,T : B(H)→ B(H) by Φf,T(X) =
∑
|α|≥1
aαTαXT
∗
α,
where the convergence is in the weak operator topology. We use the notation Φmf,T for the composition
Φf,T ◦ · · · ◦ Φf,T of Φf,T by itself m times. Since Φf,T(I) ≤ I and Φf,T(·) is a positive linear map,
it is easy to see that {Φmf,T(I)}∞m=1 is a decreasing sequence of positive operators and, consequently,
Qf,T := SOT- lim
m→∞Φ
m
f,T(I) exists. We say that T is a pure n-tuple in Df (H) if SOT- limm→∞Φ
m
f,T(I) = 0.
Note that, for any T := (T1, . . . , Tn) ∈ Df (H) and 0 ≤ r < 1, the n-tuple rT := (rT1, . . . , rTn) ∈ Df (H)
is pure. Indeed, it is enough to see that Φmf,rT(I) ≤ rmΦmf,T(I) ≤ rmI for any m ∈ N. Note also
that if ‖Φf,T(I)‖ < 1, then T is pure. This is due to the fact that ‖Φmf,T(I)‖ ≤ ‖Φf,T(I)‖m. We
define the noncommutative Poisson kernel associated with the n-tuple T ∈ Df (H) to be the operator
Kf,T : H → F 2(Hn)⊗DT defined by
Kf,Th =
∑
α∈F+n
√
bαeα ⊗∆f,TT ∗αh, h ∈ H,
where ∆f,T := (I − Φf,T(I))1/2 is the defect operator associated with T and DT := ∆f,T(H) is the
corresponding defect space. The operatorKf,T is a contraction satisfying relationK
∗
f,TKf,T = IH−Qf,T
and
(1.2) Kf,TT
∗
i = (W
∗
i ⊗ IDT)Kf,T, i = 1, . . . , n,
where W := (W1, . . . ,Wn) is the universal model associated with the noncommutative regular domain
Df . Moreover, Kf,T is an isometry if and only if T is pure element of Df (H).
2. Intertwining dilation theorem on noncommutative bi-domains
In this section, we obtain an intertwining dilation theorem which generalizes Sarason and Sz.-Nagy–
Foias¸ commutant lifting theorem for commuting contractions in the framework of noncommutative regular
domains and Poisson kernels on weighted Fock spaces. As a consequence, we obtain a new proof for the
commutant lifting theorem for pure elements in Df . More applications of this result will be considered
in the next sections.
Unless otherwise specified, we assume, throughout this paper, that f and g are two positive regular
polynomials in noncommutative indeterminates Z := 〈Z1, . . . , Zn1〉 and Z′ :=
〈
Z ′1, . . . , Z
′
n2
〉
, respectively,
of the form
f :=
∑
α∈F+n1 ,1≤|α|≤k1
aαZα and g :=
∑
β∈F+n2 ,1≤|β|≤k2
cβZ
′
β .
Fix two tuples of operators T1 = (T1,1, . . . , T1,n1) ∈ Df (H) and T′1 = (T ′1,1, . . . , T ′1,n1) ∈ Df (H′) and let
T2 := (T2,1, . . . , T2,n2), with T2,j : H′ → H, be such that T2 ∈ Dg(H′,H) and intertwines T1 with T′1,
i.e.
T2,jT
′
1,i = T1,iT2,j
for any i ∈ {1, . . . , n1} and j ∈ {1, . . . , n2}. We denote by I(T1,T′1) the set of all intertwining tuples T2
of T1 and T
′
1. A straightforward calculation reveals that
∆2f,T1 +Φf,T1(∆
2
g,T2 ) = Φg,T2(∆
2
f,T′1
) + ∆2g,T2 .
If the defect spaces DT1 , DT′1 , and DT2 are finite dimensional with dimensions d1 := dimDT1 , d′1 :=
dimDT′1 , and d2 := dimDT2 , and such that d1 +m1d2 = m2d′1 + d2, where
mi := card{α ∈ F+nj : 1 ≤ |α| ≤ kj}, j = 1, 2,
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then there are unitary extensions U : DT1 ⊕
⊕
α∈F+n1 ,1≤|α|≤k1 DT2 →
⊕
β∈F+n2 ,1≤|β|≤k2 DT′1 ⊕ DT2 of the
isometry
(2.1) U
∆T1h⊕ ⊕
α∈F+n1 ,1≤|α|≤k1
√
aα∆T2T
∗
1,αh
 := ⊕
β∈F+n2 ,1≤|β|≤k2
√
cβ∆T′1T
∗
2,βh, h ∈ H.
We denote by UT the set of all unitary extensions of the isometry given by relation (2.1). In case the
above-mentioned dimensional conditions are not satisfied, then let K be an infinite dimensional Hilbert
space and note that the operator defined by
(2.2) U
∆T1h⊕ ⊕
α∈F+n1 ,1≤|α|≤k1
[
√
aα∆T2T
∗
1,αh⊕ 0]
 :=
 ⊕
β∈F+n2 ,1≤|β|≤k2
√
cβ∆T′1T
∗
2,βh
⊕ 0
is an isometry which can be extended to a unitary operator
U : DT1 ⊕
⊕
α∈F+n1 ,1≤|α|≤k1
(DT2 ⊕ K)→
⊕
β∈F+n2 ,1≤|β|≤k2
DT′1 ⊕ (DT2 ⊕K).
In this setting, we denote by UK
T
the set of all unitary extensions of the isometry defined by (2.2). Let
U =
[
A B
C D
]
be the operator matrix representation of U ∈ UK
T
, where
A : DT1 →
⊕
β∈F+n2 ,1≤|β|≤k2
DT′1 ,
B :
⊕
α∈F+n1 ,1≤|α|≤k1
(DT2 ⊕K)→
⊕
β∈F+n2 ,1≤|β|≤k2
DT′1 ,
C : DT1 → DT2 ⊕K, and
D :
⊕
α∈F+n1 ,1≤|α|≤k1
(DT2 ⊕K)→ DT2 ⊕ K.
(2.3)
Given an operator Z : N →M and n ∈ N, we introduce the ampliation
diagn(Z) :=
Z · · · 0... . . . ...
0 · · · Z
 : n⊕
s=1
N →
n⊕
s=1
M.
In what follows, we consider the lexicographic order for the free semigroup F+n1 , that is
g0 < g1 < · · · < gn1 < g1g1 < · · · < g1gn1 < · · · < gn1g1 < · · · < gn1gn1 < · · ·
and so on. For the direct product F+n1×· · ·×F+n1 of p copies of F+n1 , we say that (αp, . . . , α1) < (βp, . . . , β1)
if αp < βp or there is i ∈ {2, . . . , p} such that αp = βp, . . . , αi = βi, and αi−1 < βi−1. We also use the
operator column notation
 Y(αp,...,α1)...
αi ∈ F+n1 , 1 ≤ |αi| ≤ k
, where the entries Y(αp,...,α1) are arranged in the order
mentioned above. For simplicity, [X1, . . . , Xn] denotes either the n-tuple (X1, . . . , Xn) ∈ B(H)n or the
operator row matrix [X1 · · ·Xn] acting from H(n), the direct sum of n copies of the Hilbert space H, to
H.
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Lemma 2.1. If X1 := [
√
aαT1,α : α ∈ F+n1 , 1 ≤ |α| ≤ k1] and m1 := card{α ∈ F+n1 : 1 ≤ |α| ≤ k1},
then
diagm1
(
Ddiagm1
(
· · ·Ddiagm1
(
∆̂T2
)
X∗1 · · ·
)
X∗1
)
X∗1
= diagm1
(
Ddiagm1
(
· · ·Ddiagm1
(
∆̂T2
)
· · ·
))
√
aα1 · · · aαp(T1,αp · · ·T1,α1)∗
...
αi ∈ F+n1 , 1 ≤ |αi| ≤ k1
 ,
where diagm1 appears p times on each side of the equality, and ∆̂T2 :=
[
∆T2
0
]
: H → DT2 ⊕K.
Proof. Let D = [D(α) : α ∈ F+n1 , 1 ≤ |α| ≤ k1] with D(α) ∈ B(DT2 ⊕K) and note that
Ddiagm1
(
∆̂T2
)
X∗1 =
∑
α1∈F+n1 ,1≤|α1|≤k1
D(α1)∆̂T2
√
aα1T
∗
1,α1
and
diagm1
(
Ddiagm1
(
∆̂T2
)
X∗1
)
X∗1 =

∑
α1∈F
+
n1
1≤|α1|≤k1
D(α1)∆̂T2
√
aα1
√
aα2(T1,α2T1,α1)
∗
...
α2 ∈ F+n1 , 1 ≤ |α2| ≤ k1
 .
An inductive argument shows that
diagm1
(
Ddiagm1
(
· · ·Ddiagm1
(
∆̂T2
)
X∗1 · · ·
)
X∗1
)
X∗1
=

∑
α1,...,αp−1∈F
+
n1
1≤|αi|≤k1
D(αp−1) · · ·D(α1)∆̂T2√aα1 · · · aαp−1aαp(T1,αpαp−1···α1)∗
...
αp ∈ F+n1 , 1 ≤ |αp| ≤ k1
 ,
where diagm1 appears p times. On the other hand, one can easily prove by induction that
diagm1
(
Ddiagm1
(
· · ·Ddiagm1
(
∆̂T2
)
· · ·
))
√
aα1 · · · aαp(T1,αp · · ·T1,α1)∗
...
αi ∈ F+n1 , 1 ≤ |αi| ≤ p

= diagm1
(
[D(αp−1) · · ·D(α1)∆̂T2 : α1, . . . , αp−1 ∈ F+n1 , 1 ≤ |αi| ≤ k1]
)
×


√
aα1 · · ·aαp−1aαp(T1,αpαp−1···α1)∗
...
α1, . . . , αp−1 ∈ F+n1 , 1 ≤ |αi| ≤ k1

...
αp ∈ F+n1 , 1 ≤ |αp| ≤ k1
 .
The proof is complete. 
Lemma 2.2. Let T2 ∈ I(T1,T′1) and let U =
[
A B
C D
]
be the matrix representation of a unitary
extension U ∈ UK
T
(see relation (2.3)). If
X1 := [
√
aαT1,α : α ∈ F+n1 , 1 ≤ |α| ≤ k1],
mj := card{α ∈ F+nj : 1 ≤ |α| ≤ kj}, j = 1, 2,
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and T1 is a pure element in Df (H), then
diagm2(∆T′1)

√
cβT
∗
2,β
...
β ∈ F+n2 , 1 ≤ |β| ≤ k2

= A∆T1h+B
∞∑
p=0
diagm1
(
Ddiagm1
(· · ·Ddiagm1 (C∆T1)X∗1 · · · )X∗1)X∗1h,
for any h ∈ H, where diagm1 appears p+ 1 times in the general term of the series.
Proof. Due to relation (2.2), we have
(2.4) A∆T1h+B

[
∆T2
√
aαT
∗
1,αh
0
]
...
α ∈ F+n1 , 1 ≤ |α| ≤ k1
 =
 ∆T′1
√
cβT
∗
2,β
...
β ∈ F+n2 , 1 ≤ |β| ≤ k2

and
(2.5) C∆T1h+D

[
∆T2
√
aαT
∗
1,αh
0
]
...
α ∈ F+n1 , 1 ≤ |α| ≤ k1
 =
[
∆T2h
0
]
for any h ∈ H. Since ∆̂T2 :=
[
∆T2
0
]
: H → DT2 ⊕K, we can rewrite relations (2.4) and (2.5) as
(2.6) A∆T1 +Bdiagm1(∆̂T2)X
∗
1 = diagm2(∆T′1)X
∗
2,
where X2 := [
√
cβT2,β : β ∈ F+n2 , 1 ≤ |β| ≤ k2], and
(2.7) C∆T1 +Ddiagm1(∆̂T2)X
∗
1 = ∆̂T2 ,
respectively. Note that using relation (2.7) we deduce that
(2.8) diagm1
(
∆̂T2
)
X∗1 = diagm1 (C∆T1)X
∗
1 + diagm1
(
Ddiagm1(∆̂T2)X
∗
1
)
X∗1,
which combined with relation (2.6) yields
diagm2(∆T′1)X
∗
2 = A∆T1 +Bdiagm1 (C∆T1)X
∗
1 +Bdiagm1
(
Ddiagm1(∆̂T2 )X
∗
1
)
X∗1.
Continuing to use relation (2.8) in the latter relation and the resulting ones, an induction argument leads
to the identity
diagm2(∆T′1 )X
∗
2 = A∆T1 +Bdiagm1 (C∆T1 )X
∗
1
+B
m∑
p=1
diagm1
(
Ddiagm1
(· · ·Ddiagm1 (C∆T1)X∗1 · · · )X∗1)X∗1
+Bdiagm1
(
Ddiagm1
(
· · ·Ddiagm1
(
∆̂T2
)
X∗1 · · ·
)
X∗1
)
X∗1,
(2.9)
where diagm1 appears p+1 times in the general term of the sum above and m+2 times in the last term.
Since ∆T2 and D are contractions and due to Lemma 2.1, one can easily see that∥∥∥Bdiagm1 (Ddiagm1 (· · ·Ddiagm1 (∆̂T2)T∗1 · · ·)T∗1)T∗1h∥∥∥
≤ ‖B‖
 ∑
α1,...,αm+2∈F
+
n1
1≤|αi|≤k1
‖√aα1 · · ·aαm+2(T1,αm+2 · · ·T1,α1)∗h‖2

1/2
=
〈
Φm+2f,T1 (I)h, h
〉
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for any h ∈ H. Since T1 is pure in Df (H), we have limm→∞Φm+2f,T1 (I)h = 0 for any h ∈ H. Consequently,
relation (2.9) implies
diagm2(∆T′1)X
∗
2h = A∆T1h+B
∞∑
p=0
diagm1
(
Ddiagm1
(· · ·Ddiagm1 (C∆T1)X∗1 · · · )X∗1)X∗1h,
for any h ∈ H, where diagm1 appears p + 1 times in the general term of the series. The proof is
complete. 
We recall ([12], [15]) a few facts concerning multi-analytic operators on Fock spaces. We say that a
bounded linear operator M acting from F 2(Hn) ⊗ K to F 2(Hn) ⊗ K′ is multi-analytic with respect to
the universal model W := (W1, . . . ,Wn) if M(Wi ⊗ IK) = (Wi ⊗ IK′)M for any i = 1, . . . , n. We can
associate with M a unique formal Fourier expansion
∑
α∈F+n Λα ⊗ θ(α) where θ(α) ∈ B(K,K′). We know
that M = SOT- limr→1
∑∞
k=0
∑
|α|=k r
|α|Λα ⊗ θ(α) where, for each r ∈ [0, 1), the series converges in the
uniform norm. Moreover, the set of all multi-analytic operators in B(F 2(Hn)⊗K, F 2(Hn)⊗K′) coincides
with R∞n (Df )⊗¯B(K,K′), the WOT-closed operator space generated by the spatial tensor product.
Let H, H′, and E be Hilbert spaces and consider
U =
[
A B
C D
]
:
H
⊕⊕
α∈F+n1 ,1≤|α|≤k1
E →
⊕
β∈F+n2 ,1≤|β|≤k2
H′
⊕
E
to be a unitary operator. Setting D = [D(α) : α ∈ F+n1 , 1 ≤ |α| ≤ 1] :
⊕
α∈F+n1 ,1≤|α|≤k1
E → E , we associate
with U∗ and any r ∈ [0, 1) the operator ϕU∗(rΛ1) defined by
ϕU∗(rΛ1) := IF 2(Hn1) ⊗A∗ +
(
IF 2(Hn1) ⊗ C∗
)IF 2(Hn1 )⊗E − ∑
α∈F
+
n1
1≤|α|≤k1
r|α|
√
aαΛ1,α˜ ⊗D∗(α)

−1
× [√aαΛ1,α˜ ⊗ IH : α ∈ F+n1 , 1 ≤ |α| ≤ k1] (IF 2(Hn1 ) ⊗B∗) ,
where Λ1 := [Λ1,1, . . . ,Λ1,n1 ] is the tuple of weighted right creation operators on F
2(Hn1) associated with
the regular domain Df . In what follows, we use the notations: A := IF 2(Hn1) ⊗ A, B := IF 2(Hn1) ⊗ B,
C := IF 2(Hn1 ) ⊗ C, D := IF 2(Hn1 ) ⊗D, and Γ(r) :=
[√
aαr
|α|Λ1,α˜ ⊗ IE : α ∈ F+n1 , 1 ≤ |α| ≤ k1
]
.
Lemma 2.3. The strong operator topology limit ϕU∗(Λ1) := SOT- limr→1 ϕU∗(rΛ1) exists and defines a
contractive multi-analytic operator with respect to W1 having the row matrix representation
ϕU∗(Λ1) = [ϕ(β)(Λ1) : β ∈ F+n2 , 1 ≤ |β| ≤ k2],
with ϕ(β)(Λ1) ∈ R∞n1(Df )⊗¯B (H′,H), where R∞n1(Df ) is the noncommutative Hardy algebra generated by
the weighted right creation operators Λ1,1, . . . ,Λ1,n1 and the identity.
Proof. Since D and Γ(r) are contractions, we have
∥∥∥∥∥∥ ∑α∈F+n1 ,1≤|α|≤k1 r|α|
√
aαΛ1,α˜ ⊗D∗(α)
∥∥∥∥∥∥ ≤ r < 1. Con-
sequently, the operator ϕU∗(rΛ1) makes sense and ϕU∗(rΛ1) = [ϕ(β)(rΛ1) : β ∈ F+n2 , 1 ≤ |β| ≤ k2]
with ϕ(β)(rΛ1) ∈ Rn1(Df )⊗¯B (H′,H), where Rn1(Df ) is the noncommutative disk algebra generated by
Λ1,1, . . . ,Λ1,n1 and the identity. Consequently,
(2.10) ϕ(β)(rΛ1) =
∞∑
k=0
∑
γ∈F+n1 ,|γ|=k
r|γ|Λ1,γ ⊗Θ(β)(γ)
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for some operators Θ
(β)
(γ) ∈ B(H′,H), where the convergence is in the operator norm topology. On the
other hand, since
[
A∗ C∗
B∗ D∗
]
is a unitary operator, standard calculations (see e.g. [14]) show that
I − ϕU∗(rΛ1)ϕU∗(rΛ1)∗
= C∗(I − Γ(r)D∗)−1
I − ∑
α∈F+n1 ,1≤|α|≤k1
r2|α|aαΛ1,α˜Λ∗1,α˜
 ⊗ I
 (I −DΓ(r)∗)−1C.
This shows that ϕU∗(rΛ1) is a contraction for any r ∈ [0, 1) having the row matrix representation
ϕU∗(rΛ1) = [ϕ(β)(rΛ1) : β ∈ F+n2 , 1 ≤ |β| ≤ k2] with ϕ(β)(rΛ1) ∈ Rn1(Df )⊗¯B (H′,H). Since
ϕ(β)(rΛ1) has the Fourier representation (2.10), one can see that ϕ(β)(Λ1) := SOT- limr→1 ϕ(β)(rΛ1)
exists, ϕ(β)(Λ1) ∈ R∞n1⊗¯B (H′,H), and ‖ϕU∗(Λ1)‖ ≤ 1. The proof is complete. 
We recall that I(T1,T′1) is the set of all tuples T2 := (T2,1, . . . , T2,n2), with T2,j : H′ → H, such
that T2 ∈ Dg(H′,H) intertwines T1 with T′1, i.e. T2,jT ′1,i = T1,iT2,j for any i ∈ {1, . . . , n1} and
j ∈ {1, . . . , n2}. The main result of this section is the following intertwining dilation theorem for the
elements of I(T1,T′1).
Theorem 2.4. Let T1 := (T1,1, . . . , T1,n1) ∈ Df (H) and T′1 := (T ′1,1, . . . , T ′1,n1) ∈ Df (H′), and let
T2 := (T2,1, . . . , T2,n2) ∈ Dg(H′,H) be such that T2 ∈ I(T1,T′1). Let W1 := (W1,1, . . . ,W1,n1) and
Λ1 := (Λ1,1, . . . ,Λ1,n1) be the weighted creation operators associated with the noncommutative domain
Df . If ϕU∗(Λ1) = [ϕ(β)(Λ1) : β ∈ F+n2 , 1 ≤ |β| ≤ k2] is the contractive multi-analytic operator associated
with U ∈ UK
T
and T1 is a pure element of the noncommutative regular domain Df (H), then the following
relations hold:
Kf,T′1T
∗
2,β =
1√
cβ
ϕ(β)(Λ1)
∗Kf,T1 , β ∈ F+n2 , 1 ≤ |β| ≤ k2,
and
Kf,T1T
∗
1,i =
(
W ∗1,i ⊗ IDT1
)
Kf,T1 , Kf,T′1(T
′
1,i)
∗ =
(
W ∗1,i ⊗ IDT′1
)
Kf,T′1 , i ∈ {1, . . . , n1},
where Kf,T1 and Kf,T′1 are the noncommutative Poisson kernels associated with T1 and T
′
1, respectively.
Proof. Fix U =
[
A B
C D
]
∈ UK
T
and set
D := [D(α) : α ∈ F+n1 , 1 ≤ |α| ≤ 1] :
⊕
α∈F+n1 ,1≤|α|≤k1
(DT2 ⊕K)→ DT2 ⊕K.
In what follows, we use the notations: A := IF 2(Hn1 ) ⊗A, B := IF 2(Hn1) ⊗B, C := IF 2(Hn1 ) ⊗ C,
Q :=
∑
α∈F+n1 ,1≤|α|≤k1
aαΛ1,α˜ ⊗D∗(α) and Γ :=
[√
aσΛ1,σ˜ ⊗ IDT2⊕K : σ ∈ F+n1 , 1 ≤ |σ| ≤ k1
]
.
As in Lemma 2.1, an induction argument over q shows that
diagm1
(
diagm1 · · ·
(
diagm1 (C
∗)D∗
) · · ·D∗) = diagm1

 C
∗(D(γ1) · · ·D(γq))∗
...
γi ∈ F+n1 , 1 ≤ |γi| ≤ k1

 ,(2.11)
where diagm1 appears q + 1 times on the left-hand side of the equality.
We associate with U∗ the multi-analytic operator ϕU∗(Λ1) ∈ R∞n1(Df )⊗¯B
(⊕
β∈F+n2 ,1≤|β|≤k2 DT′1 ,DT1
)
,
as in Lemma 2.3, in the particular case when H = DT1 , H′ = DT′1 , and E = DT2 ⊕ K. Note that, for
each y ∈⊕β∈F+n2 ,1≤|β|≤k2 DT′1 and α ∈ F+n1 with |α| = n, we have
ϕU∗(Λ1)(eα ⊗ y) = eα ⊗A∗y +
∞∑
q=0
C∗QqΓB∗(eα ⊗ y)
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and C∗QqΓB∗(eα⊗ y) is in the closed linear span of all the vectors eαα1···αq+1 ⊗ z, where α1, . . . , αq+1 ∈
F+n1 , 1 ≤ |αi| ≤ k1 and z ∈ DT1 . Consequently, using the noncommutative Poisson kernelKT1 , we deduce
that
〈ϕU∗(Λ1)∗Kf,T1h, eα ⊗ y〉
=
〈 ∞∑
k=0
∑
β∈F+n1 ,|β|=k
√
bβeβ ⊗∆T1T ∗1,βh, ϕU∗(Λ1)(eα ⊗ y)
〉
=
〈√
bα∆T1T
∗
1,αh,A
∗y
〉
+
∞∑
q=0
〈 ∑
γ∈F+n1
√
bαγeαγ ⊗∆T1T ∗1,γT ∗1,αh,C∗QqΓB∗(eα ⊗ y)
〉
,
(2.12)
for any h ∈ H, y ∈⊕β∈F+n2 ,1≤|β|≤k2 DT′1 , and α ∈ F+n1 with |α| = n. Setting
B := [B(α) : α ∈ F+n1 , 1 ≤ |α| ≤ 1] :
⊕
α∈F+n1 ,1≤|α|≤k1
(DT2 ⊕K)→
⊕
β∈F+n2 ,1≤|β|≤k2
DT′1 ,
we obtain
C∗QqΓB∗(eα ⊗ y)
= (IF 2(Hn1 ) ⊗ C∗)
 ∑
α1,...,αq∈F
+
n1
1≤|αi|≤k1
√
aα1 · · · aαqΛ1,α˜1 · · ·Λ1,α˜q ⊗D∗(α1) · · ·D∗(αq)

[√
aσΛ1,σ˜ ⊗ IDT2⊕K : σ ∈ F+n1 , 1 ≤ |σ| ≤ k1
]  IF 2(Hn1 ) ⊗B
∗
(σ)
...
σ ∈ F+n1 , 1 ≤ |σ| ≤ k1
 (eα ⊗ y)
=
∑
σ∈F
+
n1
1≤|σ|≤k1
 ∑
α1,...,αq∈F
+
n1
1≤|αi|≤k1
√
aα1 · · · aαqaσΛ1,α˜1 · · ·Λ1,α˜qΛ1,σ˜eα ⊗ C∗D∗(α1) · · ·D∗(αq)B∗(σ)y

=
∑
σ∈F
+
n1
1≤|σ|≤k1
 ∑
α1,...,αq∈F
+
n1
1≤|αi|≤k1
√
aα1 · · · aαqaσ
√
bα√
bασαq···α1
eασαq ···α1C
∗D∗(α1) · · ·D∗(αq)B∗(σ)y
 ,
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where σ˜ is the reverse of σ ∈ F+n1 . Consequently, using relation (2.11), we deduce that
∞∑
q=0
〈 ∑
γ∈F+n1
√
bαγeαγ ⊗∆T1T ∗1,γT ∗1,αh,C∗QqΓB∗(eα ⊗ y)
〉
=
∞∑
q=0
〈 ∑
γ∈F+n1
√
bαγeαγ ⊗∆T1T ∗1,γT ∗1,αh,
∑
σ∈F
+
n1
1≤|σ|≤k1
 ∑
α1,...,αq∈F
+
n1
1≤|αi|≤k1
√
aα1 · · · aαqaσ
√
bα√
bασαq···α1
eασαq ···α1C
∗D∗(α1) · · ·D∗(αq)B∗(σ)y

〉
=
∞∑
q=0
∑
σ∈F
+
n1
1≤|σ|≤k1
∑
α1,...,αq∈F
+
n1
1≤|αi|≤k1
〈√
bασαq ···α1eασαq···α1 ⊗∆T1T ∗1,σαq···α1T ∗1,αh,
√
aα1 · · ·aαqaσ
√
bα√
bασαq ···α1
eασαq ···α1C
∗D∗(α1) · · ·D∗(αq)B∗(σ)y
〉
=
∞∑
q=0
∑
σ∈F
+
n1
1≤|σ|≤k1
∑
α1,...,αq∈F
+
n1
1≤|αi|≤k1
〈√
bα
√
aα1 · · · aαqaσ∆T1T ∗1,σαq···α1T ∗1,αh,C∗D∗(α1) · · ·D∗(αq)B∗(σ)y
〉
=
∞∑
q=0
〈


√
aα1 · · ·aαqaσ∆T1T ∗1,σαq···α1
...
α1,...,αq∈F+n1
1≤|αi|≤k1

...
σ ∈ F+n1 , 1 ≤ |σ| ≤ k1

√
bαT
∗
1,αh,


C∗D∗(α1) · · ·D∗(αq)B∗(σ)y
...
α1,...,αq∈F+n1
1≤|αi|≤k1

...
σ ∈ F+n1 , 1 ≤ |σ| ≤ k1

〉
=
∞∑
q=0
〈
Bdiagm1
(
Ddiagm1
(· · ·Ddiagm1 (C∆T1)X∗1 · · · )X∗1)X∗1 (√bαT ∗1,α)h, y〉 .
Hence and using relation (2.12), we obtain
〈ϕU∗(Λ1)∗Kf,T1h, eα ⊗ y〉
=
〈√
bα∆T1T
∗
1,αh,A
∗y
〉
+
∞∑
q=0
〈
Bdiagm1
(
Ddiagm1
(· · ·Ddiagm1 (C∆T1)X∗1 · · · )X∗1)X∗1 (√bαT ∗1,α) h, y〉 .
Now, using Lemma 2.2, we deduce that
〈ϕU∗(Λ1)∗Kf,T1h, eα ⊗ y〉 =
〈
diagm2(∆T′1)

√
cβT
∗
2,β
...
β ∈ F+n2 , 1 ≤ |β| ≤ k2
(√bαT ∗1,α)h, y
〉
for any h ∈ H. Hence, using the definition of the noncommutative Poisson kernel and the fact that
T2 ∈ I(T1,T′1), we deduce that, for any β ∈ F+n2 with 1 ≤ |β| ≤ k1, h ∈ H, and z ∈ DT′1 ,〈
Kf,T′1
√
cβT
∗
2,βh, eα ⊗ z
〉
=
〈 ∞∑
k=0
∑
σ∈F+n1 |σ|=k
eσ ⊗
√
bσ∆T′1(T
′
1,σ)
∗√cβT ∗2,βh, eα ⊗ z
〉
=
〈√
bα∆T′1(T
′
1,α)
∗√cβT ∗2,βh, z
〉
=
〈√
bα∆T′1
√
cβT
∗
2,βT
∗
1,αh, z
〉
= 〈ϕU∗(R)∗KT1h, eα ⊗ y〉 =
〈
ϕ(β)(R)
∗KT1h, eα ⊗ z
〉
,
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where y =
⊕
γ∈F
+
n2
1≤|γ|≤k2
y(γ) with y(γ) = 0 if γ 6= β and y(β) = z. Consequently,
Kf,T′1T
∗
2,β =
1√
cβ
ϕ(β)(Λ1)
∗Kf,T1 , β ∈ F+n2 , 1 ≤ |β| ≤ k2.
The last two relations in the theorem are due to relation (1.2) applied to T1 ∈ Df (H) and T′1 ∈ Df (H′),
respectively. The proof is complete. 
As a consequence of Theorem 2.4, we obtain a new proof for the commutant lifting theorem for the
pure elements of the noncommutative domain Df (see [15]) as well as a constructive method to obtain
the lifting.
Theorem 2.5. Let T1 := (T1,1, . . . , T1,n1) ∈ Df (H) and T′1 = (T ′1,1, . . . , T ′1,n1) ∈ Df (H′) be pure tuples
of operators and let W1 := [W1,1, . . . ,W1,n1 ] be the universal model associated with the noncommutative
domain Df . If A : H′ → H is an operator such that
AT ′1,i = T1,iA, i ∈ {1, . . . , n1},
then there is an operator D : F 2(Hn1)⊗DT′1 → F 2(Hn1)⊗DT1 such that
D(W1,i ⊗ ID
T
′
1
) = (W1,i ⊗ IDT1 )D, i ∈ {1, . . . , n1},
D∗|H = A∗, and ‖B‖ = ‖A‖, where H and H′ are identified with co-invariant subspaces of {W1,i⊗IDT}n1i=1
and {W1,i ⊗ ID
T′
}n1i=1, respectively.
Proof. Without loss of generality, we can assume that ‖A‖ = 1. Since A ∈ I(T′1,T1), we can apply
Theorem 2.4 in the particular case when n2 = 1, T2 := A, and g = X . Consequently, there is a
contractive multi-analytic operator ϕ(Λ1) ∈ R∞n1(Df )⊗¯B(DT′1 ,DT1) such that Kf,T′1A∗ = ϕ(Λ1)∗Kf,T1 .
Since T1 and T
′
1 are pure elements, the noncommutative Poisson kernels Kf,T1 and Kf,T′1 are isometries.
Under the identifications of H and H′ with Kf,T1H and Kf,T′1H′, respectively, we have A∗ = ϕ(Λ1)∗|H.
Since 1 = ‖A∗‖ ≤ ‖ϕ(Λ1)∗‖ ≤ 1, we deduce that ‖A‖ = ‖ϕ(Λ1)‖. Since D := ϕ(Λ1) intertwines
W1,i ⊗ ID
T
′
1
with W1,i ⊗ IDT1 for each i ∈ {1, . . . , n1}, the proof is complete. 
More applications of Theorem 2.4 will be considered in the next sections.
3. Noncommutative varieties, dilations, and Schur representations
In this section, we obtain an intertwining dilation theorem on noncommutative varieties in regular
domains and a Schur type representation for the unit ball of R∞n (VJ)⊗¯B(H′,H).
First, we recall from [14] and [15] basic facts concerning noncommutative varieties generated byWOT -
closed two-sided ideals of the Hardy algebra F∞n (Df ), their universal models, and the Hardy algebras
they generate. Let J be aWOT -closed two-sided ideal of F∞n (Df ) such that J 6= F∞n (Df ). We introduce
the noncommutative variety VJ(H) to be the set of all pure n-tuples T := (T1, . . . , Tn) ∈ Df (H) with the
property that
ϕ(T1, . . . , Tn) = 0 for any ϕ ∈ J,
where ϕ(T1, . . . , Tn) is defined using the F
∞
n (Df )-functional calculus for pure elements in Df (H). Define
the subspaces of F 2(Hn) by
MJ := JF 2(Hn) and NJ := F 2(Hn)⊖MJ .
The subspace NJ is invariant under the operators W ∗1 , . . . ,W ∗n and Λ∗1, . . . ,Λ∗n, and NJ 6= 0 if and only
if J 6= F∞n (Df ). Define the constrained weighted left (resp. right) creation operators associated with the
noncommutative variety VJ by setting
Bi := PNJWi|NJ and Ci := PNJΛi|NJ , i = 1, . . . , n.
We remark that B := (B1, . . . , Bn) is in VJ (NJ) and plays the role of universal model for the noncom-
mutative variety VJ . We will refer to the n-tuples B := (B1, . . . , Bn) and C := (C1, . . . , Cn) as the
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constrained weighted creation operators associated with VJ . Note that if J = {0}, then N{0} = F 2(Hn)
and V{0}(H) is the set of all pure elements of Df (H).
Let F∞n (VJ ) be the WOT -closed algebra generated by B1, . . . , Bn and the identity and let R∞n (VJ ) be
the WOT -closed algebra generated by C1, . . . , Cn and the identity. We proved in [15] that
F∞n (VJ)′ = R∞n (VJ) and R∞n (VJ )′ = F∞n (VJ ),
where ′ stands for the commutant. An operator M ∈ B(NJ ⊗ K,NJ ⊗ K′) is called multi-analytic with
respect to the universal model B := (B1, . . . , Bn) ifM(Bi⊗IK) = (Bi⊗IK′)M for i = 1, . . . , n.We recall
that the set of all multi-analytic operators with respect to B coincides with
R∞n (VJ )⊗¯B(K,K′) = PNJ⊗K′ [R∞n (Df )⊗¯B(K,K′)]|NJ⊗K.
A similar result holds for the Hardy algebra F∞n (VJ ). Given a noncommutative variety VJ(H) and
T ∈ VJ (H), we define the constrained Poisson kernel KJ,T : H → NJ ⊗DT by
KJ,T := (PNJ ⊗ IDT)KJ,T.
We recall that KJ,T is an isometry and satisfies the relation
(3.1) KJ,TT
∗
α = (B
∗
α ⊗ IDT)KJ,T, α ∈ F+n .
We remark that as a consequence of Theorem 2.5, we deduce the commutant lifting theorem for the
elements of the noncommutative varieties VJ ([15]). More precisely, we can obtain the following result.
Let J 6= F∞n1 (Df ) be a WOT-closed two-sided ideal of the noncommutative Hardy algebra F∞n1 (Df )
and let B1 := (B1,1, . . . , B1,n1) and C1 := (C1,1, . . . , C1,n1) be the corresponding constrained shifts acting
on NJ . For each j = 1, 2, let Kj be a Hilbert space and Ej ⊆ NJ ⊗Kj be a co-invariant subspace under
each operator B1,i ⊗ IKj , i = 1, . . . , n1. If X : E1 → E2 is a bounded operator such that
X [PE1(B1,i ⊗ IK1)|E1 ] = [PE2(B1,i ⊗ IK2)]|E2X, i = 1, . . . , n1,
then there exists G(C1) ∈ R∞n1(VJ)⊗¯B(K1,K2) such that
G(C1)
∗|E2 = X∗ and ‖G(C1)‖ = ‖X‖.
The analogue of Theorem 2.4 on noncommutative varieties VJ(H) in the domainDf (H) is the following.
Recall that UK
T
is the set of all unitary extensions of the isometry defined by relation (2.2).
Theorem 3.1. Let T1 := (T1,1, . . . , T1,n1) and T
′
1 := (T
′
1,1, . . . , T
′
1,n1) be elements of the noncommutative
varieties VJ(H) and VJ(H′), respectively, and let T2 := (T2,1, . . . , T2,n2) ∈ Dg(H′,H) be such that T2 ∈
I(T1,T′1). Let B1 := (B1,1, . . . , B1,n1) and C1 := (C1,1, . . . , C1,n1) be the weighted creation operators
associated with the noncommutative variety VJ . If
ϕU∗(Λ1) = [ϕ(β)(Λ1) : β ∈ F+n2 , 1 ≤ |β| ≤ k2]
is the contractive multi-analytic operator associated with U ∈ UK
T
and T1 is pure in Df (H), then the
following relations hold:
KJ,T′1T
∗
2,β =
1√
cβ
ϕ(β)(C1)
∗KJ,T1 , β ∈ F+n2 , 1 ≤ |β| ≤ k2,
KJ,T1T
∗
1,i =
(
B∗1,i ⊗ IDT1
)
KJ,T1 , KJ,T′1(T
′
1,i)
∗ =
(
B∗1,i ⊗ IDT′
1
)
KJ,T′1 , i ∈ {1, . . . , n1},
where KJ,T1 and KJ,T′1 are the constrained Poisson kernels associated with T1 and T
′
1, respectively.
Proof. Since T1 ∈ VJ(H) and T′1 ∈ VJ (H′), the noncommutative Poisson kernels Kf,T1 and Kf,T′1 have
ranges in NJ ⊗DT1 and NJ ⊗DT′1 , respectively. Due to Theorem 2.4, we have
(3.2) Kf,T′1T
∗
2,β =
1√
cβ
ϕ(β)(Λ1)
∗Kf,T1 , β ∈ F+n2 , 1 ≤ |β| ≤ k2.
Since NJ is co-invariant under Λ1,1, . . . ,Λ1,n1 , we have
ϕ(β)(Λ1)
∗(NJ ⊗DT1) ⊂ NJ ⊗DT′1 , β ∈ F+n2 , 1 ≤ |β| ≤ k2,
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and
ϕ(β)(C1) = PNJ⊗DT1ϕj(Λ1)|NJ⊗DT′1 , β ∈ F
+
n2 , 1 ≤ |β| ≤ k2,
is a multi-analytic operator with respect to the universal model B. Note that relation (3.2) implies
PNJ⊗DT′1Kf,T
′
1
T ∗2,β =
1√
cβ
PNJ⊗DT′1ϕ(β)(Λ1)
∗PNJ⊗DT1Kf,T1 , β ∈ F+n2 , 1 ≤ |β| ≤ k2,
which proves that
KJ,T′1T
∗
2,β =
1√
cβ
ϕ(β)(C1)
∗KJ,T1 , β ∈ F+n2 , 1 ≤ |β| ≤ k2.
Since the other relations in the theorem are due to (3.1). The proof is complete. 
As a consequence of Theorem 3.1 we obtain the following Schur [19] type representation for the unit
ball of R∞n1(VJ )⊗¯B(H′,H).
Theorem 3.2. An operator Γ : NJ ⊗ H′ → NJ ⊗ H is in the closed unit ball of R∞n1(VJ)⊗¯B(H′,H) if
and only if there is a Hilbert space E and a unitary operator
Ω =
[
E F
G H
]
:
H′
⊕
E
→
H
⊕⊕
α∈F
+
n1
1≤|α|≤k1
E
such that Γ = SOT- limr→1 ϕΩ(rC1), where
ϕΩ(rC1) := INJ ⊗ E + (INJ ⊗ F )
INJ⊗H − ∑
α∈F
+
n1
1≤|α|≤k1
r|α|
√
aαC1,α˜ ⊗H(α)

−1
× [√aαC1,α˜ ⊗ IH : α ∈ F+n1 , 1 ≤ |α| ≤ k1] (INJ ⊗G) ,
where C1 := (C1,1, . . . , C1,n1) is the tuple of weighted right creation operators on F
2(Hn1) and H has the
operator row matrix representation
H =
 H(α)...
α ∈ F+n1 , 1 ≤ |α| ≤ k1
 : E → ⊕
α∈F+n1 ,1≤|α|≤k1
E .
Proof. Assume that Γ : NJ ⊗ H′ → NJ ⊗ H is a contractive multi-analytic operator with respect to
the universal model B1 := (B1,1, . . . , B1,n1), i.e. Γ(B1,i ⊗ IH′) = (B1,i ⊗ IH)Γ for any i ∈ {1, . . . , n1}.
Due to the commutant lifting theorem for pure elements in Df , there exists a contractive multi-analytic
operator Ψ : F 2(Hn)⊗H′ → F 2(Hn)⊗H with respect to the universal model W1 := (W1,1, . . . ,W1,n1),
i.e. Ψ(W1,i ⊗ IH′) = (W1,i ⊗ IH)Ψ for any i ∈ {1, . . . , n1}, such that ‖Γ‖ = ‖Ψ‖ and Ψ∗|NJ⊗H = Γ∗.
Set T1 := (W1,1 ⊗ IH, . . . ,W1,n1 ⊗ IH), T′1 := (W1,1 ⊗ IH′ , . . . ,W1,n1 ⊗ IH′), n2 = 1, and T2 := Ψ.
Since Ψ ∈ I(T1,T′1), Theorem 2.4 and Lemma 2.3 show that there is a unitary operator
Ω =
[
E F
G H
]
:
DT′1⊕
E
→
DT1
⊕⊕
α∈F+n1 ,1≤|α|≤k1
E
such that ϕΩ(Λ1) := SOT- limr→1 ϕΩ(rΛ1) is a multi-analytic operator in R∞n1(Df )⊗¯B(DT′1 ,DT1), where
ϕΩ(rΛ1) is defined as in the theorem and such that Kf,T1Ψ
∗ = ϕΩ(Λ1)∗Kf,T1 . Due to relation I −
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|β|≥1 aβWβW
∗
β = PC, we deduce that DT1 = H and DT′1 = H′. On the other hand, since
PCW
∗
β eα =
{
1√
bβ
if α = β
0 otherwise,
one can easily see that the noncommutative Poisson kernel Kf,T1 is the identity on F
2(Hn1)⊗H. Con-
sequently, Ψ = ϕΩ(Λ1). Since Ψ
∗|NJ⊗H = Γ∗, we deduce that Γ = ϕΩ(C1).
To prove the converse, note that, in the particular case when n2 = 1 and U
∗ = Ω, Lemma 2.3 shows
that Ψ := SOT- limr→1 ϕΩ(rΛ1), where
ϕΩ(rΛ1) := IF 2(Hn1) ⊗ E +
(
IF 2(Hn1) ⊗ F
)IF 2(Hn1)⊗E − ∑
α∈F
+
n1
1≤|α|≤k1
r|α|
√
aαΛ1,α˜ ⊗H(α)

−1
× [√aαΛ1,α˜ ⊗ IH : α ∈ F+n1 , 1 ≤ |α| ≤ k1] (IF 2(Hn1) ⊗G)
and H =
 H(α)...
α ∈ F+n1 , 1 ≤ |α| ≤ k1
 : E → ⊕ α∈F+n1
1≤|α|≤k1
E , is a contractive multi-analytic operator with
respect toW1. Since NJ is a co-invariant subspace under Λ1,1, . . . ,Λ1,n1 , we deduce that Γ := ϕΩ(C1) =
PNJ⊗DT′
1
Ψ|NJ⊗DT1 is a contractive multi-analytic operator with respect toB1. The proof is complete. 
4. Andoˆ type dilations and inequalities on noncommutative bi-domains and varieties
In this section, we obtain Andoˆ type dilations and inequalities for the elements of the bi-domainD(f,g)
and a class of noncommutative varieties. The commutative case as well the matrix case are also discussed.
We recall that, given a positive regular formal power series g =
∑
β∈F+n2 ,1≤|β|≤k2
cβXβ, the noncommu-
tative ellipsoid Eg(H) ⊇ Dg(H) is defined by Eg(H) :=
{
X := (X1, . . . , Xn2) :
∑
|β|=1 cβXβX
∗
β ≤ I
}
.
One of the most important consequences of the results from Section 2 is the following Andoˆ type dilation
for the bi-domain D(f,g)(H) := Df (H) ×c Dg(H), where f and g are positive regular noncommutative
polynomials, and for the noncommutative variety
DJ(f,g)(H) :=
{
(T1,T2) ∈ D(f,g)(H) : T1 ∈ VJ(H)
}
.
We recall that UK
T
is the set of all unitary extensions of the isometry defined by relation (2.2). According
to Lemma 2.3, for each U ∈ UK
T
, the strong operator topology limit ϕU∗(Λ1) := SOT- limr→1 ϕU∗(rΛ1)
exists and defines a contractive multi-analytic operator.
Theorem 4.1. Let T = (T1,T2) ∈ DJ(f,g)(H) with T1 = (T1,1, . . . , T1,n1) and T2 := (T2,1, . . . , T2,n2). If
ϕU∗(Λ1) = (ϕ(β)(Λ1) : β ∈ F+n2 , 1 ≤ |β| ≤ k2)
is the contractive multi-analytic operator associated with U ∈ UK
T
, then
KJ,T1T
∗
1,αT
∗
2,β =
(
B∗1,α ⊗ IDT1
)
ψβ(C1)
∗KJ,T1 , α ∈ F+n1 , β ∈ F+n2 ,
where
(i) B1 := (B1,1, . . . , B1,n1) and C1 := (C1,1, . . . , C1,n1) are the constrained creation operators asso-
ciated with the variety VJ ;
(ii) KJ,T1 is the constrained Poisson kernel associated VJ ;
(iii) ψ(C1) := (ψ1(C1), . . . , ψn2(C1)) ∈ Eg(NJ ⊗DT1), where
ψj(C1) :=
1√
cgj
ϕ(gj)(C1), j ∈ {1, . . . , n2}.
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Proof. In the particular case when T1 = T
′
1, Theorem 3.1 shows that KJ,T1T
∗
2,j = ψj(C1)
∗KJ,T1 for
j ∈ {1, . . . , n2} and KJ,T1T ∗1,i =
(
B∗1,i ⊗ IDT1
)
KJ,T1 for i ∈ {1, . . . , n1}. Hence, the relation in the
theorem follows. 
We remark that Theorem 4.1 provides a model and a characterization of the elements (T1,T2) ∈
Df (H)×c Eg(H) with T1 ∈ VJ(H) . Indeed, if T = (T1,T2) ∈ B(H)n1 ×c B(H)n2 , then T ∈ Df (H) ×c
Eg(H) with T1 ∈ VJ(H) if and only if there is a Hilbert space D, a multi-analytic operator (with respect
to B1)
ψ(C1) = (ψ1(C1), . . . , ψn2(C1)) ∈ Eg(NJ ⊗D),
and a co-invariant subspace M ⊂ NJ ⊗ D under each of the operators B1,i ⊗ ID and ϕj(C1), where
i ∈ {1, . . . , n1} and j ∈ {1, . . . , n2}, such that M can be identified with H,
(B∗1,i ⊗ ID)|H = T ∗1,i, and ϕj(C1)∗|H = T ∗2,j.
Note that the direct implication is due to Theorem 4.1 under the identification of H with KJ,T1H. The
converse is obvious.
In what follows, we obtain Andoˆ type inequalities for the bi-domainD(f,g)(H) and the noncommutative
variety DJ(f,g)(H). First, we consider the case when T1 = (T1,1, . . . , T1,n1) and T2 := (T2,1, . . . , T2,n2)
have the property that T = (T1,T2) ∈ DJ(f,g)(H) with di := dimDTi <∞ and d1 +m1d2 = m2d1 + d2,
where
mi := card{α ∈ F+nj : 1 ≤ |α| ≤ kj}, j = 1, 2.
The set UT consists of unitary extensions U : DT1 ⊕
⊕
α∈F+n1 ,1≤|α|≤k1 DT2 →
⊕
β∈F+n2 ,1≤|β|≤k2 DT1 ⊕DT2
of the isometry
(4.1) U
∆T1h⊕ ⊕
α∈F+n1 ,1≤|α|≤k1
√
aα∆T2T
∗
1,αh
 := ⊕
β∈F+n2 ,1≤|β|≤k2
√
cβ∆T1T
∗
2,βh, h ∈ H.
Let Z := 〈Z1, . . . , Zn1〉 and Z′ :=
〈
Z ′1, . . . , Z ′n2
〉
be noncommutative indeterminates and assume that
ZiZ
′
j = Z
′
jZi for any i ∈ {1, . . . , n1} and j ∈ {1, . . . , n2}. We denote by C 〈Z,Z′〉 the complex algebra
of all polynomials in indeterminates Z1, . . . , Zn1 and Z
′
1, . . . , Z
′
n2 . Note that when n1 = n2 = 1, then
C 〈Z,Z′〉 coincides with the algebra C[z, w] of complex polynomials in two variable.
Theorem 4.2. Let T = (T1,T2) ∈ DJ(f,g)(H) with T1 = (T1,1, . . . , T1,n1) and T2 := (T2,1, . . . , T2,n2)
such that
di := dimDTi <∞ and d1 +m1d2 = d2 +m2d1,
and let B1 := (B1,1, . . . , B1,n1) and C1 := (C1,1, . . . , C1,n1) be the constrained weighted creation operators
associated with the noncommutative variety VJ . If U ∈ UT, then
‖[prs(T1,T2)]k‖ ≤ ‖[prs(B1 ⊗ ICd1 , ψ(C1))]k‖, [prs]k ∈Mk(C 〈Z,Z′〉), k ∈ N,
where ψ(C1) = (ψ1(C1), . . . , ψn2(C1)) is uniquely determined by U as in Theorem 4.1 and each ψj(C1)
is a d1 × d1-matrix with entries in the Hardy algebra R∞n1(VJ).
Proof. Since d1 +m1d2 = d2 +m2d1, the set UT of all unitary extensions of the isometry U defined by
relation (4.1) is non-empty. Fix any U ∈ UT and apply Theorem 4.1 to T = (T1,T2) ∈ DJ(f,g)(H) and
U ∈ UT. Then we deduce that
KJ,T1T
∗
1,αT
∗
2,β =
(
B∗1,α ⊗ IDT1
)
ψβ(C1)
∗KJ,T1
for any α ∈ F+n1 and β ∈ F+n2 . Consequently, if p is any polynomial in C 〈Z,Z′〉, we obtain
KJ,T1p(T1,T2) = p(B1 ⊗ ICd1 , ψ(C1))KJ,T1 .
Since T1 ∈ VJ (H), the noncommutative Poisson kernel KJ,T1 is an isometry, which implies
p(T1,T2) = K
∗
J,T1p(B1 ⊗ ICd1 , ψ(C1))KJ,T1 .
Now, it is clear that
‖[prs(T1,T2)]k×k‖ ≤ ‖[prs(B1 ⊗ ICd1 , ψ(C1))]k×k‖, [prs]k×k ∈Mk(C 〈Z,Z′〉), k ∈ N.
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The proof is complete. 
Denote by Q∗
n
the set of all formal polynomials of the form q(Z,Z′) =
∑
aα,β,γ,σZαZ
′
β(Z
′
σ)
∗Z∗γ , with
complex coefficients, where Z := 〈Z1, . . . , Zn1〉 and Z′ :=
〈
Z ′1, . . . , Z ′n2
〉
. In what follows, we show that if
we drop the conditions di := dimDTi <∞ and d1 +m1d2 = d2 +m2d1, in Theorem 4.2, we can obtain
the following Andoˆ type inequality.
Theorem 4.3. Let T = (T1,T2) ∈ DJ(f,g)(H) with T1 = (T1,1, . . . , T1,n1) and T2 := (T2,1, . . . , T2,n2). If
U ∈ UK
T
, then
‖[qrs(T1,T2)]k‖ ≤ ‖[qrs(V1,V2)]k‖, [prs]k×k ∈Mk(Q∗n),
where V1 := B1 ⊗ IDT1 and V2 := ψ(C1) is uniquely determined by U as in Theorem 4.1.
Proof. The proof uses Theorem 4.1 and is similar to the proof of Theorem 4.2. We shall omit it. 
For any polynomial p ∈ C 〈Z,Z〉, define ‖p‖u := sup ‖p(T1,T2)‖, where the supremum is taken
over all pairs (T1,T2) ∈ Df (H) ×c Eg(H) and any Hilbert space H. Then ‖ · ‖u defines an algebra
norm on C 〈Z,Z′〉. Since the proof is very similar to that of Lemma 2.4 from [16], we omit it. If for
[pij ]k ∈Mk(C 〈Z,Z〉), we set
‖[pij ]‖u,k := ‖[pij ]k‖u := sup ‖[pij(T1,T2)]‖,
where the supremum is taken over all pairs (T1,T2) ∈ Df (H) ×c Eg(H) and any Hilbert space H, we
obtain a sequence of norms on the matrices over C 〈Z,Z′〉. We call (C 〈Z,Z′〉 , ‖ · ‖u,k) the universal
operator algebra for the bi-domain Df (H)×c Eg(H).
In what follows, we prove that the abstract bi-domain
Df ×c Eg := {Df (H)×c Eg(H) : H is a Hilbert space}
has a universal model (W1 ⊗ Iℓ2 , ψ(Λ1)), where W1 = (W1,1, . . . ,W1,n1) and Λ1 = (Λ1,1, . . . ,Λ1,n1) are
the weighted left and right creation operators associated with the regular domain Df , respectively, and
ψ(Λ1) = (ψ1(Λ1), . . . , ψn2(Λ1)) ∈ Eg(F 2(Hn1)⊗ ℓ2)
is a certain multi-analytic operator with respect to W1.
Theorem 4.4. There is a multi-analytic operator ψ(Λ1) = (ψ1(Λ1), . . . , ψn2(Λ1)) ∈ Eg(F 2(Hn1) ⊗ ℓ2)
such that
‖[prs(T1,T2)]k‖ ≤ ‖[prs(W1 ⊗ Iℓ2 , ψ(Λ1))]k‖, prs ∈ C 〈Z,Z′〉 ,
for any (T1,T2) ∈ Df (H)×c Eg(H) and any k ∈ N.
Proof. Given a matrix [pij ]k ∈Mk(C 〈Z,Z′〉), we have ‖[pij ]k‖u := sup ‖[pij(T1,T2)]k‖, where the supre-
mum is taken over all pairs (T1,T2) ∈ Df (H) ×c Eg(H) and any Hilbert space H. Using a standard
argument, one can prove that the supremum is the same if we consider only infinite dimensional separa-
ble Hilbert spaces. Since rT1 is a pure element in Df (H) for any r ∈ [0, 1), it is clear that
‖[pij ]k‖u = sup
(T1,T2)∈Df×cEg
T1 pure
‖[pij(T1,T2)]k‖.
Fix [pij ]k ∈Mk(C 〈X,Y〉) and choose a sequence
{
(T
(m)
1 ,T
(m)
2 )
}∞
m=1
in Df (H)×cEg(H) withH separable
and T
(m)
1 pure element in Df (H), and such that
(4.2) ‖[pij ]k‖u = sup
m
‖[pij(T(m)1 ,T(m)2 )]k‖.
Using Theorem 4.3, in the particular case when J = {0}, we find, for each m ∈ N, a multi-analytic
operator ψ(m)(Λ1) := (ψ
(m)
1 (Λ1), . . . , ψ
(m)
n2 (Λ1)) with respect to W1, which belongs to the ellipsoid
Eg(F 2(Hn1)⊗ Cd(m)), where d(m) := DT(m)1 , such that
‖[pij(T(m)1 ,T(m)2 )]k‖ ≤ ‖[pij(W1 ⊗ ICd(m) , ψ(m)(Λ1))]k‖.
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Consequently, setting ⊕∞m=1T(m)1 :=
(
⊕∞m=1T (m)1,1 , . . . ,⊕∞m=1T (m)1,n1
)
∈ Df (⊕∞m=1H), relation (4.2) implies
‖[pij ]k‖u = ‖[pij(⊕∞m=1T(m)1 ,⊕∞m=1T(m)2 )]k‖
≤ ‖[pij(⊕∞m=1(W1 ⊗ ICd(m)),⊕∞m=1ψ(m)(Λ1))]k‖ ≤ ‖[pij ]k‖u.
This shows that
(4.3) ‖[pij ]k‖u = ‖[pij(W1 ⊗ Iℓ2 , ζ(Λ1))]k‖,
where ζ(Λ1) = (ζ1(Λ1), . . . , ζn2(Λ1)) := ⊕∞m=1ψ(m)(Λ1)) ∈ Eg(F 2(Hn1)⊗ ℓ2) is a multi-analytic operator
with respect to W1. Let CQ 〈Z,Z′〉 be the set of all polynomials with coefficients in Q + iQ, and let
[p
(1)
ij ]k, [p
(2)
ij ]k, . . . be an enumeration of the set {[pij ]k : pij ∈ CQ 〈Z,Z′〉}. Due to relation (4.3), for each
s ∈ N, there is a multi-analytic operator ζ(s)(Λ1) = (ζ(s)1 (Λ1), . . . , ζ(s)n2 (Λ1)) ∈ Eg(F 2(Hn1) ⊗ ℓ2) such
that
(4.4) ‖[p(s)ij ]k‖u = ‖[p(s)ij (W1 ⊗ Iℓ2 , ζ(s)(Λ1))]k‖, s ∈ N.
Define the multi-analytic operator Ωk(Λ1) := ⊕∞s=1ζ(s)(Λ1) ∈ Eg(F 2(Hn1 ⊗ ℓ2) and let us prove that
(4.5) ‖[qij ]k‖u = ‖[qij(W1 ⊗ Iℓ2 ,Ωk(Λ1))]k‖
for any [qij ]k ∈Mk(C 〈Z,Z′〉). Note that relation (4.4) implies
(4.6) ‖[p(s)ij ]k‖u = ‖[p(s)ij (W1 ⊗ Iℓ2 ,Ωk(Λ1))]k‖ for any s ∈ N.
Fix [qij ]k ∈Mk(C 〈Z,Z′〉) and ǫ > 0, and choose [p(s0)ij ]k such that
(4.7)
∥∥∥[qij ]k − [p(s0)ij ]k∥∥∥
u
< ǫ.
Using relations (4.3), (4.7), and (4.6), we deduce that there is ζ(q) := (ζ
(q)
1 (Λ1), . . . , ζ
(q)
n2 (Λ1)) in the
ellipsoid Eg(F 2(Hn1)⊗ ℓ2) such that
‖[qij ]k‖u = ‖[qij(W1 ⊗ Iℓ2 , ζ(q)(Λ1))]k‖ ≤ ‖[p(s0)ij (W1 ⊗ Iℓ2 , ζ(q)(Λ1))]k‖+ ǫ
≤ ‖[p(s0)ij ]k‖u + ǫ = ‖[p(s0)ij (W1 ⊗ Iℓ2 ,Ωk(Λ1))]k‖+ ǫ
≤ ‖[qij(W1 ⊗ Iℓ2 ,Ωk(Λ1))]k‖+ 2ǫ
for any ǫ > 0, which proves relation (4.5). Note that ψ(Λ1) := ⊕∞k=1Ωk(Λ1) is a multi-analytic operator
which belongs to the ellipsoid Eg(F 2(Hn1)⊗ ℓ2) and ‖[qij ]k‖u = ‖[qij(W1⊗ Iℓ2 , ψ(Λ1))]k‖ for any [qij ]k ∈
Mk(C 〈Z,Z′〉) and any k ∈ N. The proof is complete. 
Theorem 4.4 shows that (C 〈Z,Z′〉 , ‖ · ‖u,k) can be realized completely isometrically isomorphic as a
concrete algebra of operators. The closed non-self-adjoint algebra generated by the operators W1,1 ⊗
Iℓ2 , . . . ,W1,n1 ⊗ Iℓ2 , ψ1(Λ1), . . . , ψn2(Λ1) and the identity is denoted by A(Df ×c Eg) and can be seen as
the universal operator algebra of the bi-domain Df ×c Eg.
We remark that the noncommutative variety VJ×cEg also has a universal model. Similarly to the proof
of Theorem 4.4, one can show that there is a multi-analytic operator ψ(C1) = (ψ1(C1), . . . , ψn2(C1)),
with respect to B1, in Eg(NJ ⊗ ℓ2) such that
‖[prs(T1,T2)]k‖ ≤ ‖[prs(B1 ⊗ Iℓ2 , ψ(C1))]k‖, prs ∈ C 〈Z,Z′〉 ,
for any (T1,T2) ∈ VJ(H)×c Eg(H) and any k ∈ N.
In the end of this section, we discuss the commutative case. Let Jc be the WOT -closed two-sided
ideal of the Hardy algebra F∞n1 (Df ) generated by the commutators WjWi −WiWj for i, j ∈ {1, . . . , n1}.
Note that the variety VJc(H) consists of all pure tuples (X1, . . . , Xn1) ∈ Df (H) with commuting en-
tries. The Hardy algebra F∞n1 (VJc) is the WOT -closed algebra generated by the compressions Li :=
PF 2s (Df )Wi|F 2s (Df ), i = 1, . . . , n1, and the identity, where F 2s (Df ) = NJc is the symmetric weighted Fock
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space associated with the noncommutative domain Df . In [15], we prove that F 2s (Df ) can be identified
with a Hilbert space H2(D◦f (C)) of holomorphic functions defined on the scalar domain
D◦f (C) :=
(λ1, . . . , λn1) ∈ Cn1 : ∑|α|≥1aα|λα|2 < 1
 ,
namely, the reproducing kernel Hilbert space with reproducing kernel κf : D◦f (C) × D◦f (C) defined by
κf(µ, λ) :=
1
1−∑|α|≥1 aαµαλα
for µ, λ ∈ C. We also identified the algebra of all multipliers of the Hilbert
space H2(D◦f (C)) with the Hardy algebra F∞n1 (VJc). Under this identification, Li is the multiplier Mλi
by the coordinate function. We denote Mλ,n1 := (Mλ1 , . . . ,Mλn1 ). Similarly, one can identify the
Hardy algebra R∞n1(VJc) with the algebra of all multipliers of the Hilbert space H2(D◦f˜ (C)), where f˜ :=∑
|α|≥1 aα˜Zα. Note also that D◦f (C) = D◦f˜ (C).
Theorem 4.5. Let f ∈ C 〈Z〉 and g ∈ C 〈Z′〉 be two positive regular noncommutative polynomials and
let (T1,T2) ∈ Df (H)×c Dg(H) be such that each tuple Tj = (Tj,1, . . . , Tj,nj ) has commuting entries and
dj := rank∆Tj , j = 1, 2. Then there exist multipliers MΦf and MΦg of H
2(D◦f )⊗Cd1 and H2(D◦g)⊗Cd2 ,
respectively, such that MΦf ∈ Ef (H2(D◦f )), MΦg ∈ Eg(H2(D◦g)), and
‖[prs(T1,T2)]k‖ ≤ min
{‖[prs(Mλ,n1 ⊗ ICd1 ,MΦf )]k‖, ‖[prs(MΦg ,Mλ,n2 ⊗ ICd2 )]k‖}
for any matrix [prs]k ∈Mk(C 〈Z,Z′〉) and any k ∈ N.
Proof. Applying Theorem 4.3 to the pairs (T1,T2) ∈ DJc(f,g)(H) and (T2,T1) ∈ DJc(g,f)(H) and using the
the identifications preceding this theorem, one can easily complete the proof. 
We should mention that all the results of the present paper concerning Andoˆ type dilations and
inequalities can be written in the commutative multivariable setting of Theorem 4.5. Moreover, in the
particular case when n1 = n2 = 1, we obtain extensions of Andoˆ’s results [2], Agler-McCarthy’s inequality
[1], and Das-Sarkar extension [6], to larger classes of commuting operators.
A few remarks concerning the matrix case when n1 = n2 = 1 are necessary. If T1 and T2 are commuting
contractive matrices with no eigenvalues of modulus 1, Agler and McCarthy proved, in their remarkable
paper [1], that the pair (T1, T2) has a co-isometric extension (M
∗
z ,M
∗
Φ) onH
2⊗Cd and, for any polynomial
p in two variables,
‖p(T1, T2)‖ ≤ ‖p(Mz ⊗ ICd ,MΦ)‖ ≤ ‖p‖V ,
where V is a distinguished variety in D2 depending on T1 and T2.
Let f ∈ C [z] be a positive regular polynomial in one variable and let T ∈ Df (Cn) be an n × n
matrix which is pure with respect to the regular domain Df , i.e. SOT- lim
m→∞Φ
m
f,T(I) = 0. Let mT (z) =
(z−λ1)n1 · · · (z−λk)nk be the minimal polynomial of T and let JmT be the WOT -closed two sided ideal
of the Hardy algebra F∞1 (Df ) generated by mT (S), where S is the weighted shift associated with the
domain Df . Note that the variety VJmT (Cn) consists of all n× n matrices X such that mT (X) = 0. On
the other hand, B := PNJmT S|NJmT is the universal model of the variety VJmT , and the ellipsoid Ef (Cn)
is a matrix-valued ball. In this case, the analytic operators with respect to B are the elements ϕ(B) of
the Hardy algebra R∞1 (VJmT ).
Theorem 4.6. Let T1 and T2 be commuting matrices which are pure elements in Df (Cn) and Dg(Cn)
and let B1 and B2 be their universal models, respectively. If dj := dim(I − TjT ∗j )1/2H, j = 1, 2, then
there exist matrix-valued analytic operators ϕ1(B1) ∈ Ef (NJmT1 ⊗ C
d1) with respect to B1 and ϕ2(B2) ∈
Eg(NJmT2 ⊗ C
d2) with respect to B2, such that
‖[prs(T1, T2)]k‖ ≤ min {‖[prs(B1 ⊗ ICd1 , ϕ1(B1))]k‖, ‖[prs(ϕ2(B2), B2 ⊗ ICd2 )]k‖} ,
for any [prs]k ∈Mk(C[z, w]).
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Proof. Applying Theorem 4.3 to the pairs (T1, T2) ∈ D
JmT1
(f,g) (H) and (T2, T1) ∈ D
JmT2
(g,f) (H), the result
follows. 
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